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Lecture 10

We poved that continuous functions are Barel (has measwesble)
,
which is

a special case of the following statement
, whose prof is the same

as for continuous functions
.

Prop . Let (X
,
5)
,
(4

,
5) be measurable spaces and let Jo- be

generating I as a realgebra .
If a function fix-sY is such It

f- (5) = I (i. e . (50) GE for each 5. Jo
,
Kanf is (2

,
5-mea-

surable
.

Theorem
.
4t IX

,
M be a ropological spare with Bone measure o and let i

be a 22d attl top space (e
.g . IR) .

(a) Every M-measurable : X-Y is almost Benel
,
i
.
e
.

I Bonel curl

X= X cit
.
Fix is Bonel

. Imparticular, for a Bonel function y ,
i
. e. F =

y a . e .

(b) Suppose that (X
,
c) is strongly regular leg . X is metric and otbl union of

Luzin's finite measure open sets , like Iid with Lebesque measurel .
tom Every M-meas

·

↑ : X -> Y is Eralmost ontinuous
,
i
.
e
.

I
, say ,

closed X = X with MIXX)=2 sit
. flys is continuous

.

Proof
. Let fix-Y be M-meas ,

and let 9Vn3 be actbl (open) basis of Y,
(a) By the prop . above, it's enough to make each f "(V.) Boal

.

So for each a, take f"(a)=Bu
,
where Bu is Bonel

.

Thn z:= V("(k) = Bu) is well
,
so I will Boel at = Z .

Let x== XE .

Then Alx : X'-Y is Bovel bene

((x)"( Vn)= f "(Vn) 1x= BaRX is Bonel . Define g
: X-sY

by setting gly fly s
and glz : = constant yotY.

This is Boel



and =f on the wall set X

(b) Here we want to make -"(V) open and we do :
Let "(Va e

+2
Hm open (by strong regularity) . Then

z : = Y(f" (v)AUn) has measure =42 so I open
EsE

of measure? 3 .
The X== XIE al fix is radimous bease

(f(x)" ( Vn) = f "/Vn) 1X= UnMX is open
inside X

.

Push-forward measures .
Let (X ,1) , 14 , 5) be measurable spaces , let

fix-sY be an (I,5)-measurable function
.

For each measure Mon I
,

we define its push-forward through
f to a measure fer on 5 by setting , for each J = J,

fa(J) :
= M(f (5)

.

Besse f cormutes will othl disjoint unious
,

this is inced a
measure

,
and such bet far (4) = MIX .

Examples . (a) Let S' denote circle (inside Dor =(/)
,

so it is

a compact Hanschorff group , heave a mique Haar prob . meas.
We can explicitly construct this Haur measure by afting
it equal to its are-length on awas and taking Caratho -

do put "Futexp"con obtain,is bes
gue measures on S0

, 11 .

1b1 + (X
,
I)
,
14
,
5) be measurable spaces . For

any measure

on (*xY , I*5) , where *x5 :
= the T-alg . gen. by Lets Ix5 where

IGI al J = J
,
has purh-forwards My an I al M on

5



through te projection proj : Xx4 -X and proj- xxY-Y .
are called

"*8S X

Mx 1 M Ha

is call a joining of dy and
marginals of M

. Leversels Rinch

Y

audirected graphs
K) Let Graphs(IN) : = the sat of all graphs on IN= P/CINSY = 2 NY

/

where [INJ := the set of all z-element subsets of I =) In , m7 = /? namY·
A random graph on IN is a prob , meas .

On Graphs (A)= 2
"N"

-

In probability , we think of these measures as push-forward through
a -measurable

wa G : e -> Graphs (IN) / Mar (a ,c) is
seed/configuration w +) G(w) A pob . space .

By a random graph they menu G(0) of some "randon" wor
.

And by the law of h they mean the push-forward God .
The archon graph Jaka the Rado graph, ala Erdos - Renyi

graphy is just the Bernoullilt) measure on
2? It turns out

that a wowall at of these graphs are isomorphic ho each other so

mere is one graple , on IN that is known as the rancou graph ./

up to isomorphism

Bowl/measure isomorphism theorems
.

De
. (a) For top . spaces X

,
Y
,

a Bonel isomorphism is a bij f : x+Y sit
.

fanl &" are Bonel
.

(If X
,
Y We Polish

,
Rent being Bovel implies

Cat f is Bonel .

(b) For measure spaces (X,M) and 14, %) , a measure isomorphism
is a function fiX-Y sit

. 5 M-coallX=X 0-cwallY'Y
/

where fix : x'- Y is a bijection , fly al fly are

M a to measurable
, respectively , and for = 0 (so

Fier = M) .


